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THE BOSTON COLLOQUIUM.
The possibility that x = 0 should, in addition, be a singular point has been pointed out since by Lindelof.
Although ffadamard's proof of the theorem is not a complicated one, I shall present here a still simpler proof given by BoreL* Let R and R' be the radii of convergence of (1) and (2) respectively, and take a number p such that R/p>l/R'. If then | w& | = 1 p%> | < R and x \ > 1/R'j the product of $(zx) and ^r(\fx) can be developed into a Laurent's power series which is valid in a circular ring in the x-plane, having its center at the origin and the outer and inner radii R/p and I/R' respectively. In this product the absolute term is obviously
(4)                   f(z) = a0fi0 + afo + aj>#* +....
Consider now the integral
(5)
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in which c is a closed path surrounding the origin and contained within the circular ring. As long as z in its plane lies within a circle of radius p < RR' , having its center in the origin, the integral will surely define a function of z, and this function is evidently equal to the residue of the integrand for x = 0, which
is/(z).
We shall now seek to extend this function by varying z and at the same time deforming appropriately the path of integration . By the theorem of Valise Poussin quoted in Lecture 2, the integral will continue to represent an analytic function of z, provided at every stage the integrand remains analytic in x and z] x being any point upon the path of integration. Now the values to be avoided are clearly the singular points of the functions <f>(zx) and ; namely the points :
* Bull, de let Soc. Math, de France, vol. 26 (1898), pp. 238-248.
An interesting proof * ' in multi case ' ' is given without the use of integrals by Pincherle in the Rendiconto della R. Accad. delle Scienze di Bologna, new ser., vol. 3 (1H98-9), pp. 67-74.ol. 2 (1896), p. 111.s work. Phragmen considers here the domain, not of absolute, but of simple summability for Laplace's integral
